In my previous paper of K.Horihata [9] , we have proposed a GinzburgLandau type heat flow with a time-dependent parameter and then passing to the limit of the parameter appeared in it, we have constructed a harmonic heat flow into spheres. By using this scheme, we establish a few energy inequalities:
1
Introduction.
A previous paper: K.Horihata [9] , constructed a harmonic heat flow between d-dimensional unit ball and D-dimensional unit sphere with (i) a global energy inequality,
(ii) a monotonical inequality (iii) a reverse Poincaré inequality and showed the flow is smooth except a small singular set. This paper discusses a partial regularity for such a flow from C 2 -domain in R d to the Ddimensional unit sphere and then state two condition for the whole domain's smoothness for it under a certain hypothesis: For any point x 0 ∈ ∂Ω, there exist a neighbourhood U(x 0 ) and C 2 -diffeomorphism Φ x 0 between U(x 0 ) and R d , writing
whereupon writing x 0 = (x 
for any point x = (x ′ , x d ) ∈ U(x 0 ) ∩ ∂Ω, where a positive constant θ 0 is independent of x 0 . We call the condition our the boundary (B).
We rigorously state our problem and results: Let Ω and S D be respectively the C 2 -domain in R d (not always bounded ) and the unit sphere in R
D+1
and a parabolic cylinder Q(T ) be (0, T ) × Ω, where d and D are positive integers greater than or equal to 2. Consider the Sobolev class H k,p B (Ω; S D ) := {u ∈ L(Ω ∩ B n (0); R D+1 ), ∇u ∈ H k−1,p (Ω; R D+1 ) ; |u| = 1 a.e. x ∈ Ω}. for any positive integer n, where k is any nonnegative and p is positive integers greater than equal to 1. Giving a mapping u 0 ∈ H K.Horihata [9] has proposed a new approximate evolutional scheme said to be the Ginzburg-Landau heat flow (GLHF ). We review Ginzburg-Landau heat flow: Introduce smooth functions χ(t) and κ(t) by χ(t) = t (t < 2) 3 (t ≥ 4), κ(t) = arctan(t)/π. An observation by K.Horihata [9, Theorem 2.4] and an application of a maximal principle on an unbounded domain which referred to F.John [10, Chap 7] prevails |u λ | ≤ 1 in Q(T ). Thus we rewrite (1.6) to
The benefits of my scheme is to easily derivê
We outlook the history on a boundary regularity of harmonic mapping or harmonic heat flows: For the energy minimizing map, R.Schoen and K.Uhlenbeck [16] has established a boundary regularity for an appropriate boundary condition. A similar results on minimizers of a certain functional can be found in J.Jost and M.Meier [11] . J.Qing [14] proved the boundary regularity of weakly harmonic maps from surfaces with the boundary. C.Poon [13] constructed a smooth harmonic map u a between B 3 and S 2 except a prescribed point a ∈ B 3 , noncontinuous at a and u a = x on ∂B 3 . On the other hand, the papers discussed boundary regularity results on a harmonic heat flow are not so many. We refer it to Y.Chen [2] or Y.Chen-F.-H.Lin [3] or Y.Chen-J.Li-F.H.Lin [4] or C.Y.Wang [17] . Since the maps u a by C.Poon [13] is also a non-smooth weakly harmonic heat flow, it may be reasonable to discuss a partial regularity for our harmonic heat flow and a regularity under a certain imposition. This paper has two folds: The first constructs a few energy inequalities on Ω and next discusses a partial regularity for our harmonic heat flow near the boundary; The proof proceeds as in the one of the author's former paper of K.Horihata [9] combined with the one by Y.Chen [2] . Thereafter by utilizing the reverse Poincaré inequality, we will prove that the WHHF is actually smooth except on a small set called "singular set." More precisely we assert Theorem 1.1 (Partial Regularity Theorem). Let d be a positive integer larger than 2. For a mapping u 0 ∈ H 1,2
with a positive number sufficiently small δ 0 , and positive numbers q and p respectively greater than or equal to d + 2 and greater than 2, there exists a WHHF and it is smooth on a certain relative open set in Q(T ) off a set called sing. The set has the finite (d − γ 0 )-dimensional Hausdorff measure with respect to the parabolic metric, where γ 0 is a small positive number depending only on u 0 , d and Q(T ). The WHHF also holds
for any positive numbers R 1 and R 2 with R 1 ≤ R 2 and an arbitrary point z 0 = (t 0 , x 0 ) in Q(T ) satisfying R 2 < t 0 /4, where two positive constants µ 0 and C(µ 0 ) has the relation of C(µ 0 ) ր ∞ as µ 0 ց 0 and in addition
for any parabolic cylinder P 2R (z 0 ), where a function G z 0 means a backward heat kernel indicated by
The subsequent theorems will take up two sufficient conditions on the whole domain's regularity for our WHHF. The one is the boundary energy smallness at a large time and the another is a target restriction on the initial mapping called "one-sided condition". We refer it to M.Giaquinta [6, p.237, Theorem 3.2] . Theorem 1.2 (First Regularity Theorem). Assume that our domain is bounded with (B) and there exists some positive number ǫ 0 such that for all point z 0 = (t 0 , x 0 ) and some positive number R 0 less than
where µ 0 and C(µ 0 ) are mutual relevant positive constants satisfying C(µ 0 ) ց ∞ as µ ր 0.
Then our WHHFs are smooth on a neighbourhood of z 0 = (t 0 , x 0 ). We list a glossary of notation below: We adopt it from K.Horihata [9] and add it up the new symbols especially related to the boundary. The symbols of vector and the definition on the function class can be seen therein.
(ii) For any set A ⊂ R d and any positive number δ, A δ = {x ∈ R d ; inf y∈Ω |x− y| < δ}.
(iii) The symbol Ω is a domain in R d and ∂Ω the boundary of Ω. Moreover for a set A ⊂R d , the symbol A ± respectively means A ∩ Ω and A ∩ ∁Ω and A 0 does A ∩ ∂Ω.
(iv) A vector ν and τ respectively denotes the unit outer normal and the tangential field along ∂Ω.
; Then indicate a ball B r (x 0 ), a parabolic cylinder P r (z 0 ) by
In B r (x 0 ) and P r (z 0 ), the points of x 0 and z 0 will be often abbreviated when no confusion may arise.
(x) Letter C denotes a generic constant. By the letter C(B), it means that a constant depends only on a parameter B.
(xiii) For the nabla: ∇ = ∂/∂y 1 , ∂/∂y 2 , . . . , ∂/∂y d , the differential operators ∇ ν and ∇ τ denote
A forthcoming paper extends the results here and the ones of K.Horihata [9] to a heat flow between any Riemannian manifold under a certain assumption.
2
GLHF.
The chapter introduces three fundamental energy inequalities: The first is a monotonical inequality and the second is a local decay energy estimate, which is can be regarded as a variant of a monotonical inequality, and the final is a hybrid inequality.
Two Monotonical Inequalities.
We introduce former two inequalities. The one is it by Y.Chen and F.H.Lin [3] and the another is a hybrid type inequality combined with the energy decay estimate referred to K.Horihata [9, Theorem 2.6] and the usual monotonical inequality:
Theorem 2.1 (Monotonical Inequalities). There exist constants C and C(µ 0 ) with C(µ 0 ) ր ∞ as µ 0 ց 0 such that the following holds for any point z 0 = (t 0 , x 0 ) ∈ Q(T ) and positive numbers R, R 1 and R 2 with 0 < R 1 < R 2 with max(R 2 , R) ≤ √ t 0 /2,
and in addition under the hypothesis (B),
Proof of Theorem 2.1.
Since (2.1) is well-known, we only show (2.2): Multiplying (1.8) by
and integrating it over Ω, we obtain
Summarizing (2.4), (2.5) and using (B), we arrive at
A multiplier of (2.6) by e
and an integration on it from 0 to t 0 − R 2 imply our claim.
Hybrid type Inequality for GLHF.
We demonstrate the reverse Poincaré inequality. To this end we prepare the below: Let the mapping h 0 be the solution to
Then we claim 
holds for any parabolic cylinder P 2R (z 0 ).
Preliminary we rewrite (1.8) to it by the flatten-out coordinate: Set
with
) and induce the mapping h x 0 by
We extend the mapping
and denote it by the same symbol v λ − h x 0 : Note that the mapping
) and it satisfies the following identity:
Lemma 2.3 For any balls B ρ 1 and B ρ 2 with B ρ 1 ⊂ B ρ 2 ⊂ B R (0) and any cylinders P ρ 1 and P ρ 2 with P ρ 1 ⊂ P ρ 2 ⊂ P R (0), the following holds:
Secondly we list symbols and auxiliary mapping employed only here. Give L λ by [log(λ/h(λ))/ log 2] + 1, where a function h(λ) (λ ∈ R) is positive satisfying h(λ) ց 0 (λ ր ∞). We then introduce the decompositional convention: Let r be a positive number less than ǫ 2 0 R, and put
Fix t ∈ (−r 2 , r 2 ) and choose numbers r l (l = 1, 2, . . . , L λ − 1) and △r l (l = 1, 2, . . . , L λ ) so that they are given by
In addition a positive numberr l (l = 0, 1, . . . , L λ ) denotes
Next introduce a mapping f λ which is the solution to
Designate five sorts of annuls:
A next step establishing a Hybrid type inequality is to construct a certain support mappings w λ,l , w λ,l and w λ,l by making the best of the function f λ : They are given by the solutions of
In the following we set
for any positive number τ in (0, 1).
We state a few fine properties for the mappings w λ,l , w λ,l and w λ,l used below: To explain it we shall recall a sequence of hyper spherical-harmonics {φ 
are independent components with degree n. Writing x = (ρ, ω d−1 ), they signify
We must remark that the 0-degree Fourier coefficients a
0 and a 
Lemma 2.5 For any number l (l = 2, 3, . . . , L λ ) and a respective arbitrary point y = (ρ, ω d−1 ) in T l for w λ,l ,T l for w λ,l and T l for w λ,l , it follows that
where
where 
and for y ∈ T 
respectively holds. Furthermore (2.30), (2.31) and (2.32) imply
for any respective point y ∈ T l andT l , 
After the preparation above, we demonstrate the proof of Theorem 2.2.
Proof of Theorem 2.2.
Take the difference between (1.8) and △w λ,l = 0 on T l , multiplying it by −2y · D((v λ − h x 0 ) − w λ,l ), integrate it on T l and sum up it for l to verify
. From now on we shall estimate the each term of the right-hand side in (2.40). Primarily we estimate (I): By using the usual Sobolev inequality, we infer
Next we estimate (II): We choose a collection of balls {B △r 1 /12 (y i )} (i ∈ I 1 ) with
and for any integer l (l = 2, 3, . . . , L λ ), do three ones of balls
is finite and independent of r and l. From Lemma 2.3, we obtain
Decompose D ν w λ,l into W 
|D ν w λ,1 | dy
On account of Theorem 2.1,
follows for any time t ∈ (t 0 − R 2 , t 0 + R 2 ) with a positive number R less than √ t 0 /2 and any ball B △r l /6 (y i ), according to (2.32), (2.33) and (2.34) of Lemma 2.6, which proceeds to our evaluation as follows:
By using Lemma 2.7 we similarly asses (III):
Using Lemma 2.6, from a definition on r l , we arrive at
By recalling definition on w λ,l , namely using (2.25) and (2.37) in Lemma 2.6 to forego to estimate
The estimate on (VI) is as same as above. Finally we find that (VII) becomes
On the other hand, recalling the smoothness of a given in (B) in page 1, we also have the following estimate for the left-hand side in (2.40), which is called (L): 
Integrate (2.49) from R/2 to R with respect to r and divide it by R to obtain
By interchanging the integration of the second and the third terms on the right-hand side in (2.50) and employing Lemma 2.3, we claim
The rest of our proof is perfectly as same as the one by K.Horihata [9] .
WHHF

Partial Regularity
This chapter studies a partial boundary regularity on WHHF constructed in K.Horihata [9] . We review two convergent theorems:
such that the sequence of mappings {u λ(ν) } (ν = 1, 2, . . .) respectively converges weakly and weakly- * to a mapping u in
) and point-wisely to it in almost all z ∈ Q(T ) as ν ր ∞.
Theorem 3.1 enables us state the following existence theorem:
Definition 3.3 Let {u λ(ν) } (ν = 1, 2, . . .) be the sequence selected above and set e λ(ν) the Ginzburg-Landau energy density |∇u λ(ν) | 2 /2 + λ(ν)
where P R (z 0 ) is an arbitrary parabolic cylinder.
Lemma 3.4 (Measured Hybrid Inequality).
Assume that a sequence of GLHF {u λ(ν) } (ν = 1, 2, . . .), respectively converges weakly and weakly- * in
Then take the pass to the limit λ(ν) ր ∞ in Theorem 2.2 to infer the following: For any positive number ǫ 0 , there exists a positive constant C(ǫ 0 ) satisfying C(ǫ 0 ) ր ∞ as ǫ 0 ց 0 such that the inequality
Likewise L.Simon [15, Lemma 2, p.31], we can assert the following reverse Poincaré inequality.
Corollary 3.5 (Reverse Poincaré Inequality). The inequality (3.1) implies that the following
holds whenever P 2R (z 0 ) is an arbitrary parabolic cylinder.
By combining Corollary 3.5 with passing to the limit λ ր ∞ with Sobolev imbedding theorem and Poincaré inequality for the space variables, we can describe the following lemma. We refer the proof to Theorem 2.1 in M.Giaquinta and M.Struwe [7] . Then there exist some positive number ǫ 0 and an increasing function g(t) with g(0) = 0 and g(t) = O(t log(1/t) d+1 ) (t ց 0) such that if z 0 ∈ reg(ǫ 0 ), that is for some positive number R 0 and positive integer λ 0 possibly depending on z 0 , 1 R as long as any λ is more than or equal to λ 0 .
Definition 3.8 In the sequel we respectively mean sing and reg by sing(ǫ 0 ) and reg(ǫ 0 ). measured as in [9, Theorem 3.10] ; So does the smoothness of our WHHF on reg We readily see that the WHHF u satisfies a monotonical inequality (i) and a reverse Poincaré inequality (ii) from Theorem 2.1 with Theorem 3.11 and Corollary 3.5.
Proof of Theorem 1.2
The proof is done by a direct combination of Theorem 2.1 and Theorem 3.1.
Proof of Theorem 1.3
If we recall Theorem 3.7, we have only to show that for any point z 0 = (t 0 , x 0 ),P r (z 0 )∩Q(T ) |∇u| 2 dz < ǫ (3.14)
By multiplying (3.14) by v i , we have 15) where the function W is given by because of
Consequently, by employing (3.15) and a sub-linear estimate on W , we deduceP
as long as a positive number ǫ 0 is less than 1/C. Moreover from (3.16), an application on a ǫ-regularity theory in which we exploit (3.2) or (3.2) to our WHHF u verifieŝ for all positive number r less than d 0 /2 k 0 +1 , where α 0 is a positive number less than 1 and is independent of a point z 0 and a positive number r. Thus we arrive atP g(r) (z 0 )∩Q(T )
where the function g was defined in Theorem 3.7.
Here we selected a positive number r so as to be less than (Cǫ 0 ) 1/α 0 , which conclude our claim.
